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ABSTRACT 

We provide an off-shell formulation of four-dimensional higher spin gravity based on a covariant 
Hamiltonian action on an open nine-dimensional Poisson manifold whose boundary consists of 
the direct product of spacetime and a noncommutative twistor space of S 2 x S 2 topology. The 
fundamental field is a superconnection consisting of even and odd differential forms valued in the 
odd and even sectors of a 3-graded associative algebra given by the direct product of an eight¬ 
dimensional Frobenius algebra and a higher spin algebra extended by inner Klein operators. The 
superconnection consists of two one-forms gauging the one-sided actions of the higher spin algebra, 
two bi-fundamental real forms given by the Weyl zero-form and a new dynamical two-form, an 
additional set of forms providing a maximal duality extension, and, finally, the Lagrange multipliers 
required for the covariant Hamiltonian action. In a particular two-fornr background, the model 
yields Vasiliev’s recently proposed extended higher spin gravity equations, whose interaction terms 
are accounted for by de Rharn closed globally defined forms arising in the dynamical two-form. 
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1 Introduction and summary 


An outstanding problem in higher spin gravity mmm is to find an action principle with desirable 
properties. Treating this problem as nonlinear completion of Fronsdal kinetic terms in a Noether 
procedure approach runs into considerable technical difficulties. Indeed, in the metric-like [lj 
and the related frame-like [21 El E] approaches, long term efforts — see for example BM and 
ununununma cna ns era ns] in the case of AdS background — has so far led to primarily cubic 
inter action^. Beyond the cubic order, the fact that higher spin gravity [^] has a mass scale set by 
the bare cosmological constant while nonabelian higher spin symmetries require higher derivative 
vertices, lead to intractable abelian vertices built from curvatures and their higher derivatives; see 
m and the review [ 22 ] . 

The Noether procedure approach does not exploit the fact that Vasiliev’s equations bbb provide a 
fully non-linear description of higher spin gravity on-shell. Furthermore, it is background dependent 
procedure since it is based on perturbation around AdS 4 . Both drawbacks can be avoided by 
considering covariant Hamiltonian actions from which the background independent full Vasiliev 
equations follow. These equations are Cartan integrable systems of differential forms on special 
noncommutative manifolds taking their values in associative higher spin algebras. Treating these 
forms as the fundamental fields following the AKSZ approach [23], one is led to a path integral 
formulation [23] based on covariant Hamiltonian actions [25] on noncommutative manifolds with 
boundaries. The importance of the boundaries, which are absent in the related proposals [26] }27], 
is that they facilitate the deformation of the bulk action by boundary terms [28] that contribute to 
the action but not its variation on-shell. The resulting higher spin amplitudes reproduce desired 
holographic correlation functions [29] [30] ECLj, which are suggestive of an underlying topological 
open string [32] 112134]. This framework connects holographic duals to topological theories in two 
higher dimensions via intermediate boundary states described by topological invariants on-shell 
[28] . without referring to any Fronsdal kinetic terms. However, the presence of a large number of 
free parameters impede the predictive power of the model. 

The purpose of this paper is to modify Vasiliev’s theory without altering its local degrees of freedonjf] 

1 In flat spacetime and as far as quartic vertices are concerned, however, see □UEZD ED and references therein. 

2 We reserve the terminology of “higher spin gravity” to the higher spin extension of ordinary gravity by inclusion 
of integer spin massless fields represented by totally symmetric tensor fields, while “higher spin theory” will refer to a 

larger classes of theories in which mixed symmetric higher spin fields and/or massive higher spin fields arise as well. 

3 By local degrees of freedom, we mean the representation space containing the integration constant for Vasiliev’s 

master zero-form B . 
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but nonetheless introducing more gauge symmetries, hence leading to more predictive models. We 
shall focus on four-dimensional higher spin gravities, mainly for the sake of simplicity. The resulting 
model based on an action will be referred to as Frobenius-Chern-Simons (FCS) gauge theory for 
reasons that wil be explained below. In the remainder of this section, we shall expand on the 
points mentioned briefly above with regard to the nature of Vasiliev’s equations, the existing action 
proposals, the role of on-shell topological invariants, and we shall summarize the key results of this 
paper which provides an FCS model is proposed. 

Vasiliev’s original formulation mm takes place on the direct product M.\ x Z± of a commutative 
manifold AI 4 (possibly with boundaries) and a noncommutative twistor space Z 4 . In maximally 
symmetric backgrounds, infinite towers of Fronsdal tensors on .M 4 , including matter fields, are 
packaged together with auxiliary fields into a one-fornr W and a zero-form B on M 4 x Z 4 , valued 
in an oscillator algebra extended by outer Klein operators. The emerging structure is an associative 
differential algebra consisting of forms on a noncommutative base manifold that are valued in an 
associative * product algebra. The curvature two-form F = dW + W*W and a covariant derivative 
DB = dB + W*B-B*W obeying the Bianchi identities DF = 0 and D 2 B = [F, B]+ . While the 
Bianchi identities permit setting F and DB to zero, the Weyl curvatures of the original Fronsdal 
fields are mapped to a deformation of F proportional to a special closed and central holomorphic 
two-form J on Z 4 , viz. 

dJ = 0, [J,B]* = 0= [J,Wl , (1.1) 

and its hermitian conjugate J, valued in an extension of the aforementioned oscillator algebra by 
inner as well as outer Klein operators. Prior to duality extension and further extensions by closed 
and central elements [25l [35] , that we shall attend below, Vasiliev’s original equations read 

dW + W*W + V(B)* J- V(£)*J = 0 , dB + W*B-B*W = 0 , (1.2) 

where the star function V(B) represents an interaction ambiguity, which is defined on-shell modulo 
field redefinitions. Working perturbatively in B, one may take V = B * exp it (i0(i?)) where 0 is a 
real star function, which can be fixed by demanding the existence of a consistent truncation to one 
of the two parity invariant minimal bosonic models, implying V = B and V = iB in the cases of 
the Type A and Type B models, respectively 1 36] . 

In order to integrate the equations of motion, which form a locally defined Cartan integrable 
system, into a well defined action, one needs to introduce additional geometric structures. In [28], 
higher spin geometries were introduced by making use of structure groups and the universal Cartan 
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integrability of Vasiliev’s equations, which permits the introduction of extra coordinates without 
affecting the number of local degrees of freedom m- In the resulting higher spin geometries, 
which in general are formulated on higher dimensional extensions of .M 4 , a number of globally 
defined higher spin invariants can be constructed [28] . A subset of these, namely those that arise 
from topological invariants, are suitable building blocks for an effective action, as they can be 
added to the aforementioned covariant Hamiltonian bulk action, which vanishes on-shell for the 
simplest types of boundary conditions, without affecting the equations of motion while producing 
nontrivial contributions on-shell. In principle, when evaluated on asymptotically AdS 4 solutions, 
the resulting free energy will be given as a function of masses and other charges accessible to an 
infrared asymptotic observer, providing a fundamental thermodynamics relation. 


The simplest invariants, found in [351 32] , are integrals over Z 4 of traces over the oscillator algebra 
evaluated at a base point pg € M 4 , hence referred to as zero-form charges, mzQ 


- 2 n 


= f TV (A; * ★ H* (2n) * J* J) 
J £4 


(1.3) 


p 0 


using a notation to be described in Section 3. These functionals can also be seen to exhibit cluster 
decomposition properties [39] that turn them into natural building blocks for higher spin amplitudes 
], hence referred to as quasi-amplitudes, examined in more detail in [30l 131] . In an attempt to 
ding blocks into an effective action, it was proposed in [25] [24| to apply the 
to Vasiliev’s equations by introducing an auxiliary dimension and considering 


incorporate these bui 
AKSZ formalism 123 1 ' 4 5 


an action on Mg = X$ x Z 4 where dZ 4 = 0 and X$ is an open manifold whose boundary contains 
M 4 as a subregion. The action, which is of a covariant Hamiltonian form, reproduces Eq. m on 
dMg but vanishes on-shell. 


In order to generate an on-shell action, it was proposed in |28j to add boundary terms (on dMg), 
referred to as topological vertex operators, to the bulk action (on .Mg). Their total variations vanish 
on-shell, and hence they reduce on-shell to invariant functionals. In particular, it was shown how 
to incorporate some quasi-amplitudes, still infinite in number, into the effective action. However, 
as each such building block appears with its own free parameter, the resulting model contains a 
large number of undetermined coupling constants. This shortcoming is due to the fact that B has 

4 Generalizations obtained by inserting open Wilson loops on Z 4 , and further (odd) powers of B can be found in 

[291 EH- 

5 The AKSZ formalism, which is an adaptation of the manifestly covariant Batalin-Vilkovisky quantization [401 [4Tj 
to topological field theories, was originally applied to topological open strings and p-branes I42lf43ll44ll45| : for related 
topics, see [46l[47] . 
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form degree zero and transforms in the adjoint representation of the higher spin algebra [j. 

To improve predictability, we propose to modify the theory such that B transforms in a bifunda- 
rnental representation of an enlarged symmetry algebra, viz. 

8 B = -ekB + Bke . (1.4) 

The definition of a covariant derivative DB requires the introduction of an additional one-form 
master gauge field A such that DB = dB + A k B — B * A. The form of the resulting Bianchi 
identity, viz. D 2 B = F k B — B k F where F = dA + A k A and F = dA + A k A, and the fact that 
F and F are algebraically independent, can be dealt with by replacing the rigid two-forms J and 
J by a dynamical two-form master field B transforming as 

5B = — e * B + B -k e , (1.5) 


after which one may consider the following Cartan integrable system: 

dA + Ak A - B kB = 0, dA + A-kA- B-k B = 0, 

dB + Ak B — B k A = 0 , dB + Ak B — B k A = 0 . (1.6) 


The simplest invariant are now given by integrals of traces of ( BkB)* n (or ( BkB )* n ), which provided 
a finite number of building blocks for an effective on-shell action (provided that x Z 4 contains a 
finite number of de Rham cocycles); for example, on Mg we have n ^ 4. The interaction ambiguity 
V(.B) can be accounted for by demanding that B can acquire vacuum expectation values of the 
forn{] B = f(B, J, J). In order for integrals over Z 4 to be well-defined and for (J, J) to be globally 
defined on Z±, we shall choose Z4 = S 2 x S 2 . The original Vasiliev system then emerges as the 
consistent truncation A = A = W combined with the ansatz B = f(B, J, J). 


A key property of Eqs. (11.611 is that they can be expressed as a vanishing curvature condition by 
employing an eight-dimensional, 3-graded Frobenius algebra 


F = JFf- 1 ) © jA °) © jA+ 1 ) , ( eij , heij) € , (1.7) 


where e ij is the 2 x 2 matrix whose only non-vanishing entry is a 1 at the ith row and jth column, 
and h is a Klein element satisfying [h, en] = 0 = [h, 622 ], {h, eu} = 0 = {h, eu} ■ Assembling the 

6 Certain on-shell higher spin invariant functional have been proposed as generating functional for correlators 
within the context of holography [35]. We shall comment further on this approach in Section 5.2, where we shall also 

compare it to the one in which we add suitable topological invariants to the covariant Hamiltonian action. 

7 These backgrounds can be enriched by de Rham cohomology elements from X 4 . 
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master fields into 


x = xij 


t-i i — 


M 


A B 
B A 


the equations (jl.611 can be written as the flatness conditions 


F x := dX + hXh-k X = 0 . 


As in [25], we then introduce the Lagrange multiplier master field 





and duality exten 




the field content off-shell, to obtain forms with degrees 


deg(-B, A, A , B) € {(2 n, 1 + 2n, 1 + 2n, 2 + 2ra)} n=01 2 3 , 
deg (U, V, V, U ) = {(8 - 2 n, 7 - 2n, 7 - 2n, 6 - 2n)} n=0123 

We proceed by defining a superconnection and superdifferential [39] as 


Z = hX + P £ fi(Ad 9 ) <g> A , q = hd , 


( 1 . 8 ) 


(1.9) 


( 1 . 10 ) 


( 1 . 11 ) 


( 1 . 12 ) 


respectively, which are thus objects with odd superdegree given by form degree plus Frobenius 3- 
degree. The algebra A, which will be referred to as the higher spin algebra, contains the Frobenius 
algebra as a factor and it will be defined below. Employing these ingredients, we construct the 
action! 


S= I T \ A (\Z*qZ + \Z*Z*Z) -- [ Tr A [hTr h (Z)*Z] 

Jm 9 " 4 JdMg 

= f Tr A (F*F Y + lP*P*P) , (1.13) 

J Mg 

where i\~h is the automorphism sending h to —h. The boundary term is essential for a globally well- 
defined action functional, and under the assumption that P forms a section obeying P\dMg = 0, 

s The precise definition of duality extension on-shell, which was made in Appendix D of [25], involves the simul¬ 
taneous introduction of new dynamical higher forms and an algebra of closed and graded central elements, so as to 
glue nontrivially the original forms to the new forms, as opposed to the more restrictive notion of projective extension 
discussed in which only introduces higher forms but no graded central and closed elements. 

9 The action does not truncate to the one constructed in [25] under B = f(B, J, J) and A = A = W . In fact, it 
can be recuperated from the FCS action by rescaling the fields and taking a limit but this sends to zero the nontrivial 
Poisson 3 -vector field, thereby trivialising the action from the point-of-view of the category of covariant Hamiltonian 
systems. 
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the equations of motion reduce to the duality extended version of (11.61) at dM.g . We shall refer 
to the above natural generalization of Chern-Simons theory as Frobenius-Chern-Simons (FCS) 
theory. Among its properties, we stress the following: 

i) The moduli of B contain closed and central elements on X\ X Z 4 , which combine with inte¬ 
gration constants from _B[ 0 ] into deformations of the curvatures on-shell. The cycles in degree 
two cause deformations of the Poisson structure on Z4 . The cycles in higher degrees are 
required for the forms in degrees greater than two, introduced by the duality extension, to 
receive nontrivial corrections on shell; 

ii) The model contains a particular two-form background around which the expansion of the 
equations of motion yields Vasiliev’s equations upon fixing a gauge for B and A — A. In 
particular, standard Lorentz covariance arises within this phase of the theory. 

iii) The P * 3 term in the action, which requires the duality extension, may lead to radiative cor¬ 
rections to boundary correlation functions from bulk Feynman diagrams. They may also lead 
to novel contributions to the classical action when A4g has multiply connected boundaries. 

iv) The formulation of the model admits a natural extension to general noncommutative mani¬ 
folds, akin to that expected from an underlying topological open string |32j :33j [50] . 

This paper is organized as follows: In Section [2] we give the basic properties of the noncommutative 
space Z 4 = S 2 x S 2 . The Frobenius algebra T , the higher spin algebra W its trace operation are 
spelled out in Section [3j We then turn in Section [3] to the action, equations of motion, global 
formulation, including boundary conditions, and various projections of the model, including the 
minimal bosonic one. In Section [5] we compare a certain truncation of our model, that activates 
closed and graded central elements, to Vasiliev’s duality extended model, which includes Lagrangian 
forms. We will stress the difference between the Lagrangian forms and the aforementioned on-shell 
invariants for which we propose a physical interpretation within an effective action based on a path 
integral approach. In Section [6] we examine the perturbative fluctuations on M.4 x Z4 and show 
that the local degrees of freedom of the FCS model are the same as those of original Vasiliev system, 
while the fluctuations in A — A and B may introduce new topological degrees of freedom. We also 
show how the boundary conditions on Z4 lead to globally defined Killing symmetries in agreement 
with those of Vasiliev’s original model. In Section [7] we comment further on our results and point 
out open problems and future directions. 
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2 Base manifold 


The model will be formulated in terms of differential forms on the direct product space 

M 9 = X 5 xZ 4 , (2.1) 

where X 5 is a five-dimensional commutative manifold with boundary 

T 4 = 8 X 5 , (2.2) 

containing the original spacetime manifold Xi 4 as a possibly open subset, and Z 4 is a four¬ 
dimensional noncommutative space without boundary. Thus, 

dMg = X 4 x Z 4 . (2.3) 

We shall make the simple choice X 5 = X 4 x [0, oo[. An interesting alternative would be X 5 = 
X 4 x [0,1] , which would yield two copies of the action on the two boundaries of the cylinder, 
and there may be interesting interactions interpolating between them. We shall not consider this 
possibility further here. 

The topology of Z 4 may be chosen in a variety ways with nontrivial and interesting consequences 
that we hope to treat elsewhere. In what follows, we shall obtain Z 4 from the standard noncommu¬ 
tative C 4 by choosing a real form and a compatible convolution formula for the star product and 
then adding points at infinity to create a compact noncommutative space that can be used to define 
a (graded cyclic) trace operation. Moreover, we shall demand Z 4 to be closed, to avoid boundary 
terms, and that its structure admits a certain closed two-form and a global SL( 2; C) symmetry, in 
order to make contact with Vasiliev’s theory. 

To this end, we introduce canonical coordinates (z a , z a ) (a, a = 1,2) and anti-commuting differen¬ 
tials (dz a ,dz a ) on C 4 . We then consider a formally defined associative star product algebra given 
by the space fl(C 4 ) of differential forms equipped with two associative composition rules, namely 
the standard graded commutative wedge product rule, denoted by juxtaposition, and the graded 
noncommutative rule 

/* ff = /exp(-i(£“S+ a*^)) g , (2.4) 

which is compatible with the ordinary differential, viz. 

d{f*g) = df*g + {-l) desif) f-k dg . (2.5) 
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The star product is thus the representation using Weyl ordering symbols of the associative algebra 
of composite operators built from anti-commuting line elements and noncommutative coordinates 
with canonical commutation rules 

[z a ,z^ = -2ie a ^ , [z a ,z & ] ic = 0, [z & ,zP]* = -2ie & P . (2.6) 


In order impose reality conditions on the FCS model and project it further to minimal models, one 
needs to employ linear and anti-linear anti-automorphisms, denoted by r and f, respectively, that 
are compatible with the basic algebraic structures, i.e. 


(/* 5 )t = (-i) de g(/) de ^v* / t , 

II 

S 

(2.7) 

r(/* S ) = (-l) d «)r( S )ir(/) , 

T (df) = d(r(/)) . 

(2.8) 


In models with four-dimensional Lorentz symmetry, it is natural to select real forms on the real 


slice 
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= 


\{z a ,z & ) : (z“) f = -Z* , (**)+ = -z a } =* C 2 x C 2 C C 4 , 


(2.9) 


on which z a is thus a complex doublet, and we note that (/t)t = /. We shall also use 


( 2 . 10 ) 


In order to include Gaussian elements and distributions, it is useful to first introduce auxiliary 
integral representations of the star product (|2.4I) . As [z a , z“]* = 0, there are two natural convolution 
formulae, depending on whether the auxiliary variables are complex or real doublets. We shall 
choose the latter, viz. 


f*9 = 


f r 

JvS ( 2?r ) 2 h < 


?k (27r) 2 Jji k (27t 


«)/(* + £,z + l, dz, dz)g(z -r),z-fj-, dz, dz ), (2.11) 


where the integration domai: 


iiQ 


= {(f\0 : £“,1* € M 2 J ^ M 2 x M 2 . (2.12) 

10 A graded differential star product algebra with a compatible hermitian conjugation can be decomposed 
into real and imaginary parts. The imaginary subspace remains closed under graded skew symmetric star product 
commutators, and hence defines a real graded Lie subalgebra of fi. Real forms of f 1 that are preserved by the star 
product instead require anti-linear automorphisms *, a.k.a. star maps, obeying (/*<?)* = /**<?* and ( df)* = 

These can be obtained as /* = r(/^). 

11 Alternatively, one can define a star product using Tie as integration domain, but as we shall see the construction 
of the vacuum expectation value for the two form leading to higher spin gravity requires the choice in (12.111) . 
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We note that even though different real slices are used in (12.91) and (12. lip , the compatibility 
condition (12.71) still holds. 


In order to include Gaussian functions, we rely on complex-analytic continuation in the eigenvalues 
of the bilinear forms involved. This requires the further inclusion of delta-function distributions of 
the form 5 2 (MpZ a ) and 5 2 (M^z a ), with complex matrices, for which we need to use the prescription 
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8 2 {M$ Z P) = (det M)~ 1 5 2 {z a ) , (2.13) 

without any absolute value, after which 5 2 (z a ) is treated by first rotating (the constants) (z a ,z a ) 
from TZf to 7Zf , then performing auxiliary integrals, and finally rotating ( z a , z a ) back to 7Zf. More 
explicitly, following this prescription 

* /(.-“) = (det M)-' [ f + f)/( * _ „) 

* Jv3 ( 27r ) Jnf ( 2 M 


= (det M) 


-i 


d 2 ^ 


e iza ^f(z-rj) 


Jr 2 ( 2?r ) 2 

where z a is thus treated as a real doublet in the intermediate expression, and, likewise, 

f {z a ) * 5 2 (Mp z^) = (detM) -1 f ^^-e^ + ^f{z + £)5\z a - rf 

Jni ( 27r ) J-m ( 2vr ) 


(2.14) 


(detM)" 1 [ 

J 


d 2 i 


e iz ^f(z + 0 . 


(2.15) 


( 27r ) 2 

Thus, the delta functions are required to be treated as complex analytic distributions rather than 
real analytic ones. 

The need for the prescription (12.131) can be seen by examining star products involving the Gaussian 
function e*'* 1 * 2 with A £ C, viz. 


5 ^~ 2 * /(-) = f f ( z _ v) 

Jn f ( 2 M 


(2.16) 


whose left-hand side can be computed directly using (12.41) . which leads to a formula that is a 
complex analytic function of A, while the right-hand side can be computed in two ways, depending 
on whether the integral is performed by integrating £ 1 and one at a time using (|2.13l) or by 
Gaussian integration using analytical continuation on A. To illustrate this point, we may focus on 
the integral 

(2.17) 


/(A) = [ d^d^e 

Jr 2 


2 e \ee 


For an application of this distribution in the context of exact solutions, see Ell- 
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To bring it to Gaussian form, we change variables to u = + £ 2 ) and v = ■|(£ 1 — £ 2 ), which 

brings the integral to Fresnel?s form if A is purely imaginary. Writing A = ifj, with // a non-zero 
real number, we find 


/(A) = 8 f 

Jo 


’ due^ [°° dve-^ 2 = — = ^ 
To M A 


(2.18) 


On the other hand, integrating the and £ 2 variables one at a time using e A ^ 2 = and 

the prescription (12.131) yields 

/(A) = [°° de r = 2nJ™ des(-ixe) = ^J°° ^(t 1 ) = ^ > (2-19) 


' —co J —co 


in agreement with (12.181) . 

Turning to the graded cyclic trace operation on fl(i? 4 ), it is defined as 


STr n(24) f=[ f , (2.20) 

Jnl 

which projects onto the top form in / and is compatible with the hermitian conjugation operation 
and the outer automorphism r, i.e. 


(SW n(ij4) /)t = STr/t , STV n( 2 4) r(/) = STV/ . (2.21) 

Thus, if / is a top form in fl(i? 4 ) then its representative in Q(TZf ) must fall off sufficiently fast at 
infinity for the integral to be convergent. Thus Z 4 must be a compact manifold obtained by adding 
points to TZf at infinity to extend its differential Poisson algebra structure [hues sms] (see also 
M EH]). This can be achieved by assuming that Z± admits a Poisson structure and a compatible 
pre-connection. We shall assume the latter to be trivial for simplicity. In addition, we shall require 
Z 4 to be closed, such that 

ST!n(2 4 ) df = 0 , (2.22) 

in order to avoid boundary terms from Z 4 in varying the FCS action. Assuming that / and g are 
two smooth symbols that fall off sufficiently fast, it follows from (12.111) that 

STr n(z 4 )f*g= f f*9=[ fa, (2-23) 

Jv .| Jnl 

which indeed implies the graded cyclicity, viz. 

ST Xn(z,)f*g = (-l) deg(/)deg(ff) STr a(24)5 * / . (2.24) 


As this property will be useful in analyzing boundary conditions in the FCS model arising from 
the variational principle, we shall assume that ([2.231) holds for all elements in Q.(Z^) including 
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distributions. Finally, in order to obtain Vasiliev’s equations from the FCS action, we shall assume 
that Q(Z 4 ) admits global SL( 2;C) symmetry and contains the (globally defined) closed two-forms 


jz — ^dz dz a K z , j z — ( jz ) 


(2.25) 


where the inner Klein operator 


k z = 2ir5 2 (z a ) . 


(2.26) 


A choice of topology that satisfies all of the requirements as stated above in Eqs. (12.221) . (12.231) . 
(I2.24p . (12.211) and the inclusion the elements in (|2.25l) . is given by)£ 


n(z 4 )= © (f2(5 2 )*ar-)®(f2(5 2 )*a-r-), ( 2 . 27 ) 

m,m=0,l 

where Q(S 2 ) consists of globally defined forms on S 2 with Poisson structure obtained by extending 
the Poisson structure of (12.41) to the point at oo. At this point, the resulting Poisson bivector and 
all its derivatives vanish. Hence, provided it is possible to exchange the order of differentiation and 
summation in (12.41) and using the fact that increasing number of derivatives of a form that falls off 
yields forms that fall off even faster, it follows that if /, g £ fi(S 2 ) then 

(f*9) loo = /Uloo = (-l) deg(/)deg(9) 5|oo/|oo = (-l) deg(9)deg(/) (5*/)|oo , (2.28) 


i.e. the point at infinity is a commuting point of Q(S 2 ). In other words, we are working with 
a topological two-sphere equipped with a differential Poisson algebra with trivial pre-connection. 
Moreover, in order for the elements in fl(Z 4 ) to have finite traces, we assume that the top forms 
on each two-sphere fall off sufficiently fast at infinity working in the original M 2 x M 2 coordinate 
chart. For this fall-off condition to be embeddable in a differential star product algebra, also the 
forms in lower degrees must fall off appropriately at infinity. In particular, the only forms that can 
have finite values at infinity are the zero-forms. Thus, in effect, we have taken 


Z 4 = S 2 xS 2 , 


(2.29) 


by assuming boundary conditions at the commuting points at oo and allowing for delta function 
distributions at the origins so as to create a space of forms that is closed under exterior differen¬ 
tiation and star products, and has a space of top forms with finite traces that vanish for exact 
elements and obey (I2.23|) . For this to hold true it is important that the delta function k z always 
appears together with line elements in the combination j z given in (12.251) . which obeys j z * j z = 0, 
13 The manifolds S' 4 and S 3 x S 1 do not admit j , while T 2 x T 2 breaks global SL( 2; C) symmetry. 
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whereas the inclusion of k z into the algebra would require the inclusion of j z k k~ as well which is 
not integrable. 


In order to define the FCS model, we need to extend kl(Z±) into the algebra Q.(Z±{k z , k z )) by adding 
the Klein operators (k z ,k z ) obeying 

{k Z i Zct\* — 0 — {kzi Za}* j k z * k z — k z k k z — 1 , 

[/ug,ZQ,]* — 0 — [&2)"d]* j [^ 2 )^ 2 ]* — 0 , 



dk z = k z d , 

dfeg = k z d , 

(2.30) 

Thus, the space 

£l{Z/±(k z , k z )) = 

m,rh= 0,1 

!!(2 4 ) ra ,m*(^r*fer , 

(2.31) 

whose elements can 

thus be expanded as 




/ = E ft*)*™ * (**)** * frn,fn , /m,m £ fi(^ 4 ) . 

m,ra= 0 ,l 

(2.32) 

It follows that 

k z * f k k z = ir z (f) , 

kz k f k k z = 7V z (f) , 

(2.33) 

where the reflection 

maps 




7T z :(zV d )^(-z Q ,z d ) , 

7T 2 -:(z“,z d )^(z“,-^), 

(2.34) 


obey 7 r z d = cbr z idem for n z and act as automorphisms of Q(Z^(k z ,k z )). The graded cyclic trace 
operation can be extended from 0 (^ 4 ) to Q,{Z^{k z ,k z )) by defining 


^^^ 0 ( 2 ^ 4 (k z ,k z ))-f STrn( Z4 )/ 0! o • 
To show the graded cyclicity we use that if / G then 


(2.35) 


STr n( 2 4 )7r-(/) = STr n{ z 4 )n z {f) = STr n(z 4 )f , (2.36) 

from which it follows that if /,g € £l{Z/±(k Zl k z )) then 

/ * 9 = STr n{MkzM) E ( Kf m * (h)*™ * fm,m * E * (**)** * 9u,n 

m,m n,n=0,l 

= E STr n(^ 4 ) (*z ) m (^) m * 9m,m 

m,n 

= (-l) d ^ d ^) E S^n^ 4) 5m,m*K) m (7f,)-(/ m ^) 

= (-l)*^**^ E STV n(24) (7r z )-(7r 2 )-( 5mim )*/ m ^ 

= (-1 )de S (/)de i! < 0 ) STV n( ^ (fe , £i) )ff * / , (2.37) 
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where the third and fourth equalities, respectively, follow from (12.241) and (12.361) . 


3 Higher spin algebra 

The FCS model will be formulated in terms of a single master field, consisting of forms of different 
degrees, valued in the direct product of a Z^-graded Frobenius algebra and an extension of the 
Weyl algebra by inner Klein operators. The FCS action also requires a trace operation on these 
algebras. 

3.1 Matrix Frobenius algebra F 

A Frobenius algebra F is a unital associative algebra with non-degenerate bilinear form (•, -)j 
obeying the invariance property (Mi, M 2 Mq)jt = ( M 1 M 2 , In addition, we shall assume that 

is realized as a trace operation, viz. (M\,M 2 )t = TYjMiM 2 , denoting the product in F 
by juxtaposition (as we shall not need symbol calculus in F). Moreover, we shall assume that the 
Frobenius algebra contains an inner Klein operator h inducing a decomposition into even and odd 
elements, viz. 

F = Jv|_ © J-— , hF±h = ±F± , h? = 1 . (3.1) 

In order to decompose the FCS master field into coordinates and momenta, we shall use the 
polarization induced by the decomposition 

F = Fq © HFq , Trjr HFq = 0 , (3-2) 

where Fq = Fq.+ (BFo- is thus a Z 2 -graded Frobenius subalgebra of F in which h acts as an outer 
Klein operator, viz. 

hFo,±h = FFq.± . (3.3) 

As will be explained elsewhere (55] , the appearance of Frobenius algebras is a feature of a broader 
class of higher spin gauge theories based on generalized Chern-Simons actions, including the present 
model. 

In our models, we shall use the eight-dimensional Frobenius algebra obtained by taking 

Fq = Mat 2 (C) = ffijj=i, 2 C © eij , = 5 jk e it , (3.4) 
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and taking h to be defined by 


h 2 = 1 , heijh = (en - e 22 )e„(en - e 22 ) , 


(3.5) 


or more explicitly, 


[h, en] — [h, e 22 ] — {h, ei 2 } — {h, e 2 i} — 0 


(3.6) 


that is, the adjoint action of h is isomorphic to that of e\\ — e 22 . More compactly, we shall denote 
the basis elements of T by (I, P = 1,..., 4) 


ei = (he, he, e, e) 


fp = ( hf , hf, /, /) , (e, e, /, /) = (en, e 22 , e 12 , e 2 i) . (3.7) 


The algebra admits an additional three-grading 

T = © ^ {0) 0 ^ {+1) , (e tj , h eij) € . 

The hermitian conjugation and outer automorphism to be used are defined by 

(e ij ) t = eji , h) = h , 

T ( e ij) = (/ + f)eij(f + f ) , t(^) = ~h , 

or more explicitly, 

(e, e, /, /; h) T = (e, e, /, /; h ) , r(e, e, /, /; h) = (e, e, /, /; -/i) 
Finally, the trace operation on J 7 compatible with these maps is taken to be 

Tr^ ^e^M^/i) = M n (0) + M 22 (0) . 

3.2 Extended Weyl algebra W 


The FCS model which will be presented in the next section requires the following extended Weyl 
algebra 

W = © Aq(2) * («j,r * (Ryf f (3.13) 

m,rh,r,r=0,l 

where Aq( 2) consists of star polynomials in two complex doublets ( y a ,y a ), a,a = 1,2, obeying the 
oscillator algebra 

[y a , y% = 2ie a ? , [y a ,y% = 0 , [y“, /]* = 2ie“^ , (3.14) 


(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 
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and the inner Klein operators are defined in Weyl order by the symbols 

K y := 27 Td 2 (y) , Ry := 27r<5 2 (y) . (3.15) 

These operators obey 


Ky k P k Ky = TTy(P) , Ky k P -k Ky = TTy(P) , (3.16) 

where ir y and Tty are inner automorphisms whose action on symbols defined in Weyl order is given 
by 

%(y) = -y , %(y) = -y • (3.17) 

As an intermediate step, it is convenient to introduce also two outer Klein operators (k y , ky) obeying 

{ky,y a }* = 0 = {& g ,y a }* , ky kky = ky-kky = 1 , (3.18) 

[ky, l /“]* = 0 = [ky, 7/“]* , [ky, ky]+ = 0 , (3.19) 

and defined the algebra 


W(ky, ky) = © Aq(2) * (k v y m * (%)*"> * (K,r * (i%r . 

m,m,r,r= 0,1 

The generic elements of W(k y , ky) are thus of the form 


r,f=0,l 

P r -'( V,V\k„ky)= £ 

m,ra=0,l 

where P^ r m (y,y) are Weyl ordered polynomials 

Pmm(y,y) = Y P r,r - , , - t -sy( ai k ■ ■ ■-k y ari ^ k y( ai k ■ ■ ■ k y 0 * 1 ') . 

n,n^ 0 


(3.20) 


(3.21) 


(3.22) 


3.3 Trace operations 

Introducing the degree map deg w defined by 

kykkykPkkykky = (-l) Ae ^ P) P for P £ W (ky ,ky) . (3.23) 

one may define the supertrace operation 

STr w{kyjh) P = P° o fi o (0,0) , (3.24) 
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whose restriction to W we denote by STryy. To show their graded cycliscity, we use the following 
lemmas 


™W(k y ,k v ) P*Q = {-^ degw{P)Aeg ^ Q) ^ { k y ^) Q*P for P, Q e Aq(2) * (k y )* m * fa)*" . 

(3.25) 

It follows that if P,Qe W(k y , k y ) then 


STr 


W(k y ,ky) 


p*Q = siv n , (iiA) | y , («»r*(%)*'E w**(sr*«“ 

. r,r=0,l 


l s,s=0,l 


)r,r 


= X! sTt w (%r(* s ) , (P r ' , )*Q' 

r,f=0,l 

= (_l)deg w (P)deg w (Q) STV W * i^yY {^yf (F^) 

r,r= 0,1 

_ (_l)degw(P) de g w (Q) E STf W (7TyY(7tyY(Q r n*P r ^ 

r,f= 0,1 

= (-l) degw(P)deSw(Q) STr w(fcj/iSs) Q*P , (3.26) 

where the third and fourth equalities, respectively, follow from (I3.25|) and the fact that 


STryy^*.-) TT y (P) — STr W ( fcy ky ) ^yiP) ~ ^P v W(k y ,k y ) P ■ (3.27) 

For the construction of the FCS model, it is important that the algebra W(k y , ky) also admits the 
trace operation 

Tr w(fc ^) P := STr W ( fc ^_) K y -kR y -k P = P^o (0,0) , (3.28) 

using (13.2111 and (13.24j) . which is thus equivalent to the projection of P onto its component along 
the generator K y -kR y . The trace operation is nondegenerate, i.e. P vanishes if Tryy^ £ s ) P*Q = 0 
for all Q, and enjoys the following properties: 

( P V W{k y ,k y ) P = Tr W(ky,ky) ^ > (3.29) 

P r W(ky,k y ) T (P) = Tr w(k y ,k B ) KyiP) = Tr W ( fej/! jy %(P) = P r w(k y ,k y ) P ■ ( 3 . 30 ) 

where the hermitian conjugation is dehned as 

(y a ,yP) ky, k v Y = (y a ,y p 'i h, ky ). ( 3 . 31 ) 

and the outer r-automorphism as 

T(y a ,y a ; k y , k y ) = {iy a ,iy a - k y , k y ) . (3.32) 
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4 Frobenius—Chern— Simons model 


In this section, we use the ingredients introduced so far to construct a covariant Hamiltonian action 
in nine dimensions consisting of a Chern-Simons-like bulk action and a boundary term, whose 
definition requires the choice of a polarization. In Section 4.1 we consider field configurations that 
are defined globally on generalized bundle spaces. Locally defined configurations are considered in 
Section 4.2. We then turn to a convenient component formulation and kinematic constraints. 

4.1 Superconnection and the action 

In this section we consider globally defined configurations given by sections in[jjj 

£ = 4g(l + 7T7r)(l + 7T fcy 7T fc J(l + 7ffc-7%) ( [^(^ 5 ) <g> <g> T <g) W(k y ,k y )] * (1 + k * k)j , 

(4.1) 

where is the outer automorphisms that maps k y to — k y , idem 71 ~k z , 7fj._ and 7T£_, and 

k = kyK z , k = kyh , 7T = TTyTTz , 7 T = TTyTTz , (4.2) 

where (tt z ,tt z ) are defined in (12.3411 and (rr y ,Tr y ) are from (13.1711 . The following relations hold 

k*f*k = Tr(f), k* f *k = 7f(/) . (4.3) 

The projection by |(1 + ^k z ) ensures that the dependence on the outer Klein 

operators is only via k and k, which is natural from the point of view of a possible connection with 
topological open string theory. The projection by |(1 + tttt) keeps only integer spin fields, as we 
considering bosonic models. Finally, the ^-product projection by |(1 + k * k) is employed in order 
to avoid a duplication into two copies of the theory. We may simplify (14.111 as follows: 

£ = Q(A^) <g> |(1 + 7T7f) ^ [fi(-24) (81 A] ★ (1 + k -k k)j , (4.4) 

where we have defined 

A = F( g) W <8>/C , /C = {1, k, k, k * k} , (4.5) 

and W is the extended Weyl defined in (|3.13l) . The sections in £ can be seen as sections of a bundle 
over with fiber given by |(1 + 7T7 t) ^ [ 12 (^ 4 ) <g> A] * (1 + k -k k)^j , which is a graded associative 

14 Various consistent truncations of the system will be discussed in Section 4.4. The definition of trace operations 
below will straightforwardly carry over to those truncated systems. 
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differential algebra with degree and differential given by the form degree and exterior derivative on 
i? 4 , respectively. Alternatively, they can be seen as |(1 + 7T7f)-projected sections of a generalized 
bundle over tg> Z\ with fiber given by ^ A * (1 + k * k). More precisely, introducing a basis T A 
of A, an element / £ £ can be expanded as 

/ = ^/a*T a , /agSI^)®^), (4.6) 

A 

where the dependences of /a on ( z a ,z a ) and T A on ( y a ,y a ) are in terms of symbols defined using 
Weyl order. Assuming furthermore that T A = T a a fhA * k mA * k mA , it follows that /a * T A ' = 
T a a (TTz) rnA (^z) mA /a, that is, the hber and base elements are not entirely separated from each 
other. 

For / e £, we define 

Trf / := [ Tt a f , TV^ := Tr^Tr w Tr K , (4.7) 

where Trj- is defined in (|3.12l) . Tryy in (|3.28[) (upon setting k y = ky = 0), and 

Tr^/ := f\ k=0= ~ k . (4.8) 

From the odd dimensionality of the base manifold, and the relations 


Tr £ 7 r(/) = Tr £ vr(/) = Tr f / , (4.9) 

that hold for any f £ £, as can be seen by combining (12.361) and (|3.25l) . it follows that Tr^ is cyclic: 
Tr £ f*g = Tr £ £ k* m * k * fra.rn * X] **" * *** * Sn.n 

m,m n,fi=0,l 

= 7T m 7 t m (fm,rh) * gm,fh 

m,n 

= ^2 Tr£ g m ,m *7T m 7f m (/ m! m) 

= ^ Tr £ TT m Tt m (gm,m) * /m,m = Tr £ g * / , (4.10) 

where the third equality requires (I2.37p . (13.281) and the fact that if / is an even form on A4g then 
5 is even and vice versa, while the fourth equality requires (14.91) . In terms of the expansion (|4.6|) . 
the trace operation reads 


[ Tr A f = ^2 f /a (Tr A T A ) = W f f A (T \ A T A ) 
I Mg a J Mg a J JZ ± 


(4.11) 
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Thus, prior to summing over A and integrating over A 5 , the combined Tr _4 operation yields a 
finite result. 

Introducing a superdegree deg £ on £ given by the sum of the form degree on Aig and the 3-degree 
in J and letting £ + and £_ denote the projections of £ onto its subspaces with even and odd 
superdegree, respectively, that is 

£± = © \{l + ^)[[£l{Mg) a ®R ±a ®W®K]k{l + kkk)^ , (4.12) 

cr=d= 

where fI(-Mg)+ and fl(.M9)_ denote the spaces of even and odd forms on .Mg, respectively, it follows 
that £ acquires the structure of a graded associative differential algebra with superdifferential 

q := hd (4-13) 


Indeed, q : £± —> £^ and 


q(f * 9) = qf * g + (-i) deg£ f f*qg , 

Hence, introducing a globally defined superconnection 


Tr s qf = <f TY 4 / . 
J dMg 


(4.14) 


Z e£^ . 


(4.15) 


we can define the following action functional 

S=[ Tr A (\Z*qZ+ ± Z * Z * Z) - - <f Tt a [hn h (Z) * Z] (4.16) 

J Mg ^ 4 JdMg 

that we shall refer to as the Frobenius-Chern-Simons action. The action gauge invariant and has 
a finite Lagrangian density on .Mg, given by the trace over A. The total variation 


SS= [ Tr A 5Z*R + -(b Tr A h5Z*Z 


where the Cartan curvature 


I Mg z JM 9 


R := qZ + Z -k Z € £^ 


(4.17) 

(4.18) 


The equation of motion R = 0 is Cartan integrable, hence transforming covariantly under the gauge 
transformations 

5Z = q6 + [Z, 91 , 6 R=[R,6]+. (4.19) 

Perturbatively, Z can be given on-shell in terms of a gauge function L (containing forms in different 
degrees) and an integration constant C, viz. 


Z = (q + C) k L , q C = CkC = 0, 


(4.20) 
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where the algebraic condition on C is a consequence of (14.211) which implies that C £ (g>W®/C. 

More generally, as the base manifold is noncommutative, there exist additional solutions that make 
use of projectors, which cannot be expressed using gauge functions. 

The models defined above contain top forms on A4g, and, consequently, the equations of motion 
contain (quadratic) zero-form constraint^]. To avoid these constraints, we shall henceforth assume 
that Z does not contain any top forms and that its 8-form and 0-form sectors do not contain any 
components in and respectively; put in equations, 

znQ [9] (A4 9 ) = o , zn (n [ 8 ] (M 9 ) ® J r(_1) ) = o , zn (o [0] (tw 9 ) zp {+1) ^) = o , ( 4 . 21 ) 

using (13.81) . As a result, we have 

finO [0 ,(Al 9 ) = 0, (4.22) 

that is, the equations of motion do not contain any zero-form constraints. 

4.2 Global formulation 

Covering X$ by a set of charts and letting £^ ± denote the restriction of £± to locally defined 
sections over 

■A49,£ = £ x Z 4 , (4.23) 

we may construct an action functional for a set of local representatives Z £ £ £g by modifying the 
action (14.161) by (locally defined) total derivatives. In view of the fact that 

n (M 9 £ n M 9>r} ) = n (* 5lC n x 5>ri ) ® n(z 4 ) , (4.24) 

one way to achieve this is to use (13.21) to define 

£ = ^£,0 © , (4.25) 

where thus and £^,\ are h-independent, and split 

Z^ = + hX^ , X^, P% £ £^fl~ ■ (4-26) 

It follows that 

Ri = Rf + Ri , Rf, Ri € ^,0,+ , (4.27) 

15 The treatment of FCS models with top forms, for which the AKSZ formalism provides a natural framework, will 
be given elsewhere [55] . 
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where 

R x ■= F x + P * P , R p := QP , (4.28) 

and we have defined 

F x := dX + hXh*X , QP := qP + hX * P + P * hX . (4.29) 

The differentials q and Q obey the graded Leibniz rule 

q{f*g) = <?(/)+ (~i) degef f *qg , Q(f*g) = Q(f)*g + {-i) deSsf f*Qg (4.30) 


Likewise, splitting 

% = ef + hef , eg, e p <E <%, 0 ,+ , (4.31) 

the gauge transformations take the form 


5X = de x +X*e x - he x h *X + hPh *e p -e p *P , 

SP = de p + hXh * e p - he p h * X + [P, e x ]* . (4.32) 

Since F x and QP transform homogeneously under gauge the transformations with e x parameters, 
we may construct a globally defined Lagrangian by choosing a structure group with transition 
functions 

T^j € £g,rp0,+ > (4.33) 

consisting of L-independent forms with even superdegree defined on the overlaps .Mg £ PI or 

a subgroup thereof. It follows that 


= hTpi * (X v + d) * T| , * T* 

and hence, , it follows that 

F x = hTpi * Fg * . 


(4.34) 


(4.35) 


An action functional that is well defined for locally defined configurations and that reduces to the 
FCS action (14.1611 for globally defined configurations is given by 


S = V / Tr_4 hz^qZt. + lZ^Z^Zz + ljiX^Pt:) 
using patched A4g ^ C A4g^ such that (Jg .Mg t = A4g. It follows that 

S = E/, 4. 

5 Jx U 


(4.36) 


(4.37) 


16 Alternatively, we could define f M , = f Mg ^ p^ using a partition p^ of unity. 
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where 


4 = / Tr ^ (n * 4 + In * n * n) e 0 (^ 5 ,g). 

J 


(4.38) 


In an overlap region one has 

4 = / ^ 4 * (n * nf + in * n * n) * n 5 


'-Z 4 


/•Z 4 


(n * n + |n * n * n) _ 4 > 


(4.39) 


that is, there exists a globally defined form £ € Q(A^) such that 

4 = 4, 

which is to say that S is globally defined. For simplicity, we write 


S= / Tr_4 (P*F X + |P*P*P) , 
Jm 9 


(4.40) 


(4.41) 


where thus = dX + hXh-k X and the combined J z Tr _4 operation yields a globally defined top 
form on X$. This action is invariant under the gauge transformations (I4.32p . 

Two modifications remain to be performed: First, we will choosJ^I 

t| e |(i + 7T7r)^ [n (x 5 ^ n x 5tV ) <g> i^ Zi) ® n <g> w® /c] * (l + &*fe)) + , ( 4 - 42 ) 

i.e. a set of transition functions that are constant on Z±, then 


C = Tr_4 (P * F x + \P * P * P) € fl(n) ® n(S 4 ) . 
is a globally defined form on A4g such that 

S = E/ a. A = ^k- 

5 •'H.e 

Second, as X enters the action only via its curvature, we can take 

e l(l + ( ^(^54) ® fi( 7 £f) 0 Jo (8> W <8> /C *(l + ^*fc 


(4.43) 


(4.44) 


that is, we allow X to develop singularities at the point at infinity of Z± provided that 


F X € S, 


S,0,H 


(4.45) 


(4.46) 


17 Whether there exist nontrivial transition functions on Z 4 remains to be investigated. 
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The general variation, under the assumptions made above, takes the form 


5S = 


[ Tt a (SX * R p h + 5P * R x + d( 6 X * P)) , 

Jm 9 


(4.47) 


where the total derivatives cancel between neighboring patches (in the interior of A4g) since 5X 
and P belong to sections due to (14.34|) . leaving 

[ Tt a d(5X *P)= <t Tr_4 5X * P . (4.48) 

JMg JdMg 

As we are working under the assumption that the elements in £l(Z/±) and W are given by symbols 
defined using the Weyl order, the above quantity can be rewritten by using (14.111) followed by (|2.23D 
to replace the star product in Q.(Z±) by the classical product (keeping in mind that j z * j z = 0), 
viz. 

[ Ti A d(5X *P)= l Tr_4 6 X * A P . (4.49) 


JMg JdMg 

Hence, if X is free to fluctuate at dXig, it follows from the variational principle that 


P\dMg = 0 • (4.50) 

Finally, whereas C is invariant (pointwise on X^) under gauge transformations with parameters e x , 

it transforms into a total derivative under transformations with parameters e p , viz. 

5 e pS = [ Tr A d(e p *R x ) , (4.51) 

JMg 

that vanishes provided that e p belongs to the same section as P and 

e P |avi 9 =0. (4.52) 


4.3 Component formulation 

We expand Z in the basis (13.71) for J 7 , using the notation 

Z = Y J A I e I + Y J B P f P , A 1 = (A,A,V,V) , B p = (B, B,U,U) . (4.53) 

i p 

Recalling (14.211) . we have the form degrees 

deg (B, A, A, B) € {(2n, 1 + 2n, 1 + 2n, 2 + 2n)} n=01 2 3 , 
deg(C, V, V , U) = {(8 - 2n, 7 - 2n, 7 - 2n, 6 - 2n)} n=0 12 3 , (4.54) 
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Thus, employing the basis f)3.7li in (14.531) . we get 


Z = hX + P , 


(4.55) 


where 


X = Ae + Ae + Bf + Bf = 


A B 
B A 


P = Ve + Ve + Uf + Uf = 


V U 
u V , 


The action (14.161) . which can also be written as in (14.41)) . takes the form 


S= Trw®/c 
Jm 9 


U *DB PV *[F - B*B + \V* 2 + U *U 


+U*DB + V*[F-B*B + ± V* 2 PU*U 


making use of the definitions 


F := dA + A-k A , 

DB := dB + A-k B - B * A , 
DU := dU + A-kU — U -k A , 
DV := dV + A*V + V*A , 


F := dA + A-k A , 

DB := dB + A-k B - B * A , 
DJJ ■= dJJ + A-kU — U -k A , 
DV := dV + A-kV + V -k A . 


The bulk equations of motion, which amount to vanishing Cartan curvatures, read 

F-B*B + V*V + U*U = 0, DB + V*U + U*V = 0 , 

F-B*B + V*V + U*U = 0, DB + V *U + U *V = 0, 

DU + B*V + V*B = 0 , DV + B*U-U*B = 0, 

DU + B*V + V*B = 0 , DV + B*U-U*B = 0. 


(4.56) 


(4.57) 


(4.58) 


(4.59) 


In accordance with (14.31 p . the gauge parameter can be written as 9 = e x + he p , where we introduce 
the notation 

(4.60) 

For simplicity in notation, we have suppresses the superscripts A and B in the components of 
e x . The transformation rules for the component fields can be readily obtained from (I4.32p by 
substitution of (14.561) . 
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Thus, on <9-Mg, where P and hence (U, U;V,V) vanish, we arrive ai|i£ 


F-B*B = 0, DB = 0 , 

F-B*B = 0, DB = 0 , 


(4.61) 


which is the desired modification of Vasiliev’s original system BE]. By going to the basis, 


A = W + K , A = W — K , 


(4.62) 


the equations of motion on the boundary can be written as 

Fw + K -k K — \{B , B}* = 0 , D\yK — \[B, B\* = 0 , 

D\yB — {K, B}* = 0 , D\yB + {K, B}+ = 0 , (4.63) 

where we have defined D\yf = df + W */ — (—l) de §( f )/*W and Fw = dW + W 2 . Since e p \ qm 9 = 0, 
recalling the notation (14.601) . and splitting the gauge parameters (e,e) as 

e = a — f3 i ?=a + /3, (4.64) 

the gauge transformations under which the field equations (I4.63j) are invariant can be written as 

5W = D w a + [K, /3]* + i { 57 , £}* + \ {B, 77 }* , 

5K = D w /3 + [. K , a]* + \ [ 77 , B\* + \ [B, 7/]* , 

5B = D w r] + [B, a]* - [K, 77 ]* + {B, /3}* , 

SB = D w rj + [B, a]* + [K. rfi* - {B, /3}* . (4.65) 


4.4 Minimal and augmented bosonic models 

The FCS model can be truncated consistently off-shell by applying the following operations: 

i) The hermitian conjugation defined by 

(y a ,ya,Za,Za,k,k-,eij,hy = (y & , y a ; -z & , -Z a ] k, k; eji, h) , (4.66) 

(/ * « 7 )t = (_i)deg(/)deg (!7 ) 9 t * /t ) (d/) t = d(/t) ; (4.67) 

ii) The linear anti-involution r defined by 

r{y a ,Va,Za, Za, k, k; e, e, /, /; h) = (iy a ,iya, -iz a , -iz <*; fc, fc; e, e, /, /; -h) , (4.68) 

ls The Cartan integrability of eq. (14.611) is formally equivalent to the Cartan integrability of the equations of motion 
of the three-dimensional matter-coupled higher spin gravities proposed in [56] . 
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T (/ *s) = (—l) des( ^ )deg{ff) r(g r ) *r(/) , 


r{df) = d(r(/)) ; 


(4.69) 


iii) The linear automorphisms tt^ and itj. defined by 

TT k (k,k) = (~k,k) , nk(f*g) = TTk{f) *n k (g) , it k (df) = d(n k (f)) , (4.70) 

while all other elements are unaffected, idem ttj,. 

Composing these maps with the combined operation of integrating over A4 and tracing over A one 
has 

( [ Tr A f) = [ Tr A p , (4.71) 

\Jm J ■> m 

[ Tr A r(f) = [ Tr A f, [ Tr A n ky (f) = [ Tr A f. (4.72) 

Jm Jm Jm Jm 

It can be seen that the form of the FCS action is compatible with imposing combinations of the 
following conditions: 

(A, A, B, B- V, , V , U, U)' = (•-A, —A, B, -B ; —V,-V, - U, U) , (4.73) 

r(A, A, B, B ; V, V, U, U) = (-2, -A, B, -B ; —V,-V, -U, U) , (4.74) 

7r k (A, A, B, B; V, V, U, U) = (A, A, - B , - B ; V, V, -U, -U) . (4.75) 


Demanding only (14.7311 yields a model with a real action, that we shall refer to as the augmented 
non-minimal bosonic model , consisting of massless particles of all integer spins, arising in the 
twisted-adjoint zero-form 

$:=(i(l-7 r k )B)*k, (4.76) 

and an additional sector of non-propagating modes arising in the adjoint zero-form ^(1 + tt^B. 
Imposing also (14.741) leads to a model, that we shall refer to as the augmented minimal bosonic model , 
consisting of massless particles of even spins and additional non-propagating modes. Applying the 
projection (14.751) to the two aforementioned models removes the non-propagating modes, leading 
to the non-minimal and minimal bosonic models, respectively, with the equations of motion 


dA + A* A + <& *<& = 0, 

d^ + A-k®-®* -k(A) = 0 , 

(4.77) 

dA + A-k A + 7r($ * <J>) = 0 

, g2 > + 7 t(2 )*i>-i>*A = o , 

(4.78) 

where we recall from (14.21) that n = tt v tt z and 

we have defined 


$ := k-k 

(2(1-7 v k )B) . 

(4.79) 
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Focusing on the minimal bosonic model and going to the basis defined in (|4.62j) . the reality condi¬ 
tions and other projections in (|4.73j) - (|4.75j) read 


W f = -W , t(W) = -W , 7r k (W ) = W , (4.80) 

K f = K , t(K) = K, n k (K) = K. (4.81) 

In terms of the bosonic higher spin algebra 

/is(4; R) = { P € Aq(2) s.t. P* = -P , 7T7 t(P) = P } , (4.82) 

which consists of the minimal bosonic subalgebra 

/is 0 (4;K) = {P£ /is(4;R) s.t. r(P) = -P } , (4.83) 

and the coset 

/isi(4;M) =/is(4;M)//iso(4;M) , (4.84) 

we see that the conditions in Eqs. (14.80B — (14.81[) amount to 

W £ ® hs 0 ( 4; M) * {K y )* r * , (4-85) 

r,r=0,l 

life ® /isi(4; M) ★ (itj / )* r * (itg)* f . (4.86) 

r,r=0,l 


Thus, the (n y , /ty)-independent sectors of W and K, respectively, consist of the minimal bosonic 
higher spin gauge fields, which are real gauge fields of even spin, and purely imaginary gauge fields 
with odd spin. 


5 Vasiliev’s extended system versus FCS gauge theory 

In this section, we exhibit how closed and central terms arise as topological degrees of freedom B, 
activated within a consistent truncation, and compare them to those of a recent proposal by Vasiliev 
containing dynamical closed and central elements, referred to as Lagrangian forms, which have been 
proposed as effective actions, without any reference to a path integral formulation. We shall instead 
propose an AKSZ path integral formulation of the FCS model, along the lines of [251 2lj. that allows 
the higher spin invariants to be interpreted as contributions to an effective action. In order to give 
a precise model, we shall also need to specify a certain higher spin geometry [28j . 
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5.1 Reduction of the dynamical two-form 


We expand the restriction of B to dAig over globally defined central and closed elements in £\qm 9 - 
A basis for this space is given b}^£ * (J)* m * (J)* m with m, fh = 0,1 where J#\ r = 1, • • •, IV, 

is a basis for the even subspace of the de Rharn cohomology on A 4 , and 

J := —| dz a dz a K z -k Ky* (k + k), J := , 

where j z is dehned in (|2.25l) . Thus, inserting the Ansatz 

OO 

K = 0 , B = ^r;m,fn;n * ( J )*"* * (J)** * B* n , 

n =0 r;m,m 


where 


■1 x — 1 , ^0;0,0;n — 0 , db r - mrn - n — 0 , 


into the held equations (14.611) yields 


Fw - Zn =0 * (J)*”* * (•/)** * £* (n+1 > = 0 , 

D\yB = 0 . 


(5.1) 


(5.2) 


(5.3) 


(5.4) 


As shown in Section 4.2, globally dehned conhgurations can be obtained by choosing a structure 
group and a set of transition functions. The resulting geometries can be characterized by invariant 
functionals [28] whose values can be hxed at the level of a partition function using Lagrange 
multipliers [23] . Expressing the invariants in terms of and the remaining data, the former 

can be determined in terms the latter. Thus, the classical moduli of the dynamical two-form B is 
a set of integration constants determined by boundary conditions imposed within the context of a 
globally dehned formulation. 


5.2 Comparison to duality extended Vasiliev system 

In order to compare with Vasiliev’s recent modification of his original system 135] . we truncate W 
to Aq(2) and take 6 r; m,m;n to vanish except i>0;l,0;ra> 5o;0,l;nj &0;l,l;n an d b r - 0 , 0 ;n- Dehning 

oo oo 

V = ^0;l,0;n£* (n+1) , V = X>;0,1 ;nR* (n+1) , (5.5) 

n=0 n= 0 

19 However, on more general noncommutative base manifolds such as 44 x Z 4 with Z 4 = T 2 x T 2 , one may also 
combine odd elements from Z 4 with odd elements from X 4 . 


29 









(5.6) 


Uo = 6o;l,l;n5* (n+1) , Wl = 2 ^l; 0 , 0 ;nS* (n+1) , Z7 2 = £ & 2 ; 0 , 0 ;nS* (n+1) , 

n=0 n= 0 n=0 

and assuming that Jr 2 ] = and Jr 4 i = are of degree two and four, respectively, the equations 
take the form 


Fw — VkJ+VkJ + 77() k J k J + Wi * </r 2 j “1“ ^2 * «/[ 4 ] — 0 , 

D W B = 0 . (5.7) 

On the other hand, Vasiliev’s recently proposed extended system [35], adapted to our notation, is 
given by 

F\y — V k J + V k J + Uq k J -k J + gj k J -\- £j 2 j “I - >C[ 4 ] = 0 , (^- 8 ) 

D W B = 0 , (5.9) 


where £[ 2 ] and Cy 4 ] are two new dynamical fields, referred to as Lagrangian forms, given by globally 
defined central and closed elements of degrees two and four, respectively. As far as the local 
dynamics is concerned, the two systems are equivalent in form degrees zero and one, since one 
can always choose a representative for that vanishes in a given coordinate chart. In higher 
form degrees, the duality extended Vasiliev system contains the term g J k J and the Lagrangian 
forms, which are not present in the FCS system 20 !. In [35] . the integral j> £r 2 i has been interpreted 
as a black hole charge, as has been substantiated by its evaluation [35] on the Didenko-Vasiliev 
black hole solution m- As for the integral of £r 4 i over spacetime, it has been proposed [35] as 
the generating functional of correlators within the context of holography o. An important open 
problem in this framework is how to account for loop corrections. It has been suggested that the 
quantum mechanical effects may emerge from classical dynamics in an infinite dimensional space 
that has enough room to describe all multiparticle states in the system [58]. If true, this would be 
a drastically new way of looking at quantum gravity. The tests of these proposals remain to be 
seen. 


In our approach, we propose a path integral formulation of the FCS model along the same lines as 
the AKSZ construction of [24] within the geometric framework of [28]. In this approach, the terms 
proportional to the closed and central elements in (15.71) . which are similar to the Lagrangian form 

20 Whether such coupling can be obtained either by expanding B around a constant background value or allowing 

the dependence of B on B to contain a simple pole, remains to be seen. 

21 Another proposal for the black hole entropy and generating functional of correlators in higher spin gravity has 

been made in 128) . 
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terms in ( I5.9ji but play a different role, as the computation of the effective action proceeds in this 
case by means of path integral quantization rules which necessarily involves the FCS action itself. 
The advantage of this approach is the availability of path integral formulation for quantization. We 
leave the computation of quantum effects to a future work but we shall outline below the role of 
certain topological invariants in the construction of the on-shell effective action. 


5.3 On-shell actions from topological invariants 


Starting from an AKSZ path integral on Aig = [0, oo[ x^4 x Z 4 , where all fields vanish at {00} x 
X4 x Z4 and in addition P\{o}xX 4 x_z 4 = 0, as required by the Batalin-Vilkovisky master equation, 
one finds that Sh vanishes on-shelo. Following [28], one may generate an on-shell action by adding 
to Sh a globally defined boundary term Stop = §qm 9 V(A', dX), whose total variation vanishes off- 
shell, i.e. Stop is a topological invariant. Assuming that S top does not affect the boundary condition 
on P nor the equations of motion, one may argue that the on-shell action is given by St op - 

Let us assume that G is generated by a subalgebra of the algebra gauged by (A, A). Hence, splitting 
A = r + E and A = T + E where (T, T) is the duality extended bundle connection and (E, E) a 
generalized soldering form, and taking X% p C X4 to be closed cycles of dimension 2 p for p = 0,1,2, 
we considei 23 


2 p+2 

S.„p[T,f]=££ 


=0 n= 1 J X 2p xZ 4 


Tr w ®yc K P (Fr)* n + 5 n , p (F~)* n ) , 


(5.10) 


where Fp = dr + T*T, F p = dr + Tand a U)P and are constants. In the semi-classical limit, 
one thus has the partition function 


Zfcs = NeiSt ° V ■ 

saddles 


(5.11) 


In particular, for the diagonal embedding of the structure group defined by 

r = f = W , E = -E = -K , (5.12) 

22 It would be interesting to examine in more detail how the fields could depend nontrivially on the extra dimension, 
for which Eq. (14.2011 could provide a useful tool. For example, on a manifold with the topology X 4 x Z 4 x [0,1], 
one could examine interpolations between two inequivalent solutions to the field equations (14.6111 and the resulting 
on-shell value for the action (14.5711 . 

23 Instead of X 4 one may consider an open region M 4 and subtract the Chern-Deligne modified Chern-Simons 
form on dM 4 x Z 4 from Stop in order to obtain a well defined topological invariant. 


31 












one may take 


where 


2 P+2 

S top [W,K} = EE i Pn,p (^) Tr w®K. ( F\VtY 

p=0 n=l J X 2p xZ 4 


lt=0 


(5.13) 


W t = W + tK , F Wt = F W + t.D w K + t 2 K * K , (5.14) 

and j3 n p are linear differential operators of order (2 n — 1) in d/dt with constant coefficients. The 
on-shell value of St 0 p[fF, K] is built out of integrals of traces of B * B, B * B and K * K forming a 
finite set of invariants provided that ( K , B, B ) and their gauge parameters belong to sections of the 
diagonal structure group. For the diagonal structure group defined in (I5.12J) . the fields ( K,B,B ) 
and their gauge parameters (/3, 77 , rf) belong to sections. The observables are invariant off shell 
under gauge transformations with parameter a, and on shell using parameters (/ 3,rj,rj ). 


6 Linearized field equations 

In this section, we shall assume that the structure group is given by (15.121) . and linearize the duality 
extended FCS field equations around a vacuum for B given by a central and closed form /. As 
we shall see, the local degrees of freedom are indeed contained in the integration constant for the 
zero-form Hj 0 ]- Moreover, as the above choice of structure group implies that the gauge parameter 
tj of B belongs to a globally defined section on Z±, some of the Killing symmetry parameters are 
not globally defined and the gauge symmetries of B cannot be used to gauge away its vacuum 
expectation value. 

6.1 Vacuum solution and Killing symmetries 

The theory on the boundary of Aig admits the vacuum solutions 

fi (0) = I , 1K (0) = L - 1 * dL , A' (0) = 0 , B {0) = 0 , (6.1) 

where L is a gauge function (consisting of forms) and I is a closed and central element on dA4g. 
The Killing symmetries obey 

5B W = D w r] w = 0 , (6.2) 

AK (0) = D( 0) p( 0) = 0 , (6.3) 

5W W = + \{I,i y (0) }* = 0 , (6.4) 

yg(°) = £)(°)^o) _ {£, /?(°)}* = 0 , ( 6 . 5 ) 
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where D = D W { 0 ). Hence, 


(77 (0) ,/3 (0) , a®, ^°)) = L” 1 * /#)', Q (°)' ^') * L 

where the primed fields obey Eqs. (16.211 (16.51) with replaced by d. 

To solve (16.211 (16.511 . it is useful to introduce the homotopy contractor 


( 6 . 6 ) 


dt 


Pv — 


,(£ v ) 1 = 't v f ~^t Lv , C v = {i v ,d}, (6.7) 

Jo 


t 


where v is a vector field that generates a set of flow lines emanating from a base point in dMQ, 
which we shall choose to be 

Po = {xq} x {0} € Xa x . (6.8) 


Thus, for v = z a d a the contractor gives 


p v f(Z, Y. dZ ) = dt- t f{tZ , Y, tdZ) . 

The contractor defined in (16.71) satisfies the relations 

Pvdp v — Pv , (Pv) — 0 • 


(6.9) 


( 6 . 10 ) 


We shall assume that C v has a well defined action on smooth symbols, such that 


/ = {pv, d}f + <5deg(/),o/lpo • (6- 11 ) 

It follows that 

df = g, dg = 0 <=> / = Pv9 + f[o],o +dp v f , (6.12) 

where /[o],o is a (zero-form) integration constant and p v f is a gauge function. Using these formula, 
the solutions of (16.21) (16.51) are found to be 

r? (0)/ = dpvgW , (6.13) 

P {0) ' = 0$’ + d Pv pW , (6.14) 

a (0 ^' = + dp v a (0)/ + \{dp v - 1){/,, (6.15) 

h (0)/ = dp v rf 0) ' - {dp v - 1) ({/>„/, + {I, p v /3 {0), }^j , (6.16) 


where p v {ji^',ot ^', , t/ 0 ^) are gauge functions, and /3$' are integration constants. In 

obtaining (16.1511 we have used (|6.13|) and in obtaining ()6.16|) we have used (|6.14|) and the fact that 

Pv dp v Pv • 
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In order to describe Vasiliev’s phase of the theory, we assume that 


/ = j x+e ^oj _ e -ie 0J 


(6.17) 


where Jx is a closed a central element on A 4 , J and J are the closed and central elements on Z 4 
defined in ([5.II) . and 6 $ is an arbitrary real constant. The restriction of (16.161) to form degree one 
reads 


V [if = dpv'nli]' + {pvI,/3$'}+ 

r(o)/ • 


(6.18) 


is 


which furnishes a decomposition of rjZ into two linearly independent terms, as the first term 
d-exact and the second term is in the co-kernel of d. Since rj^' must be globally defined on Z 4 , it 
follows that the two terms in (16.181) must be separately globally defined on Z 4 . As for the d-exact 
term, this constrains ■ while the second term can only be globally defined if it vanishes, i.e. 

if 



= 0 , 


(6.19) 


since p v J cannot be globally defined on Z±, as this would contradict the fact that J z J * J is 
non-vanishing. Hence, the Killing parameters for the duality unextended system are 


a[o] } = L l -k o^' * L , ^ = 0 , = L 1 * d{p v r^') * L , (6.20) 

where the (n y , Kg)-independent subsector of coincides with the Killing symmetries of Vasiliev’s 
extended system. We leave the analysis of the Killing parameters in higher form degree for future 
work. 


6.2 Linearized fluctuations 

We expand the fluctuations in the boundary fields as 

(W -W {0) ,B,K,B - B^) = ^(K (,l) ,B ( " ) ,il (n) ,-B (n) ) . (6.21) 

At the first order, the equations of motion (14.631) read 

£>(°)W(1> - ±{7, = 0 , = 0 , (6.22) 

D^B^ = 0 , D^B^ + {/, AT (1) }* = 0 . (6.23) 

The abelian gauge transformations following from (I4.65P are given by 

5W^ = D<®aW + !{/,? 7 (1) }* , 6B^ = £>(°)rP , ( 6 . 24 ) 
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SkW = T> (0) £ (1) , 5B W = £> (0) p (1) - {/,/3 (1) }* . (6.25) 

Using the homotopy contractor, the linearized fluctuations can be expressed in terms of the gauge 

(iy 

function and an integration constant as 

(W {1) , B w , K {1) , B w ) = L- 1 *(fU ( 1 ) ',S ( 1 ), ,^ ( 1 ) ',5 (1) ')*U , (6.26) 

where 

B (1)/ = Sj 1 ' + dp v B^' , (6.27) 

W^' = dp v W - \{dp v - 1) ({p„7, 5$'}* + {/, p v B «'}*) , (6.28) 

K {1) ' = dp v K {1) ' , (6.29) 

B (1)/ = d Pv B^' + [dp v - !){/, p„^ (1) '}* . (6.30) 


The local degrees of freedom of the system are contained in the zero-form integration constant B^'. 
The connection consists of a pure gauge solution, as its gauge function and gauge parameter 
belong to the same spaces, plus a a set particular solutions that carrying the aforementioned local 
massless degrees of freedom. 

The fields and B^', on the other hand, may introduce new topological degrees of freedom aris¬ 
ing in cohomological spaces given by spaces of gauge functions over the spaces of gauge parameters. 
In particular, B^' contains moduli associated to the gauge function p v B^' = p„(e* e ° J— e _ * e ° J), as 
dp v (e l6 ° J—e~ l6 ° J) = e ie ° J—e~ ld ° J belongs to an admissible section for B^' while p v (e l6 ° J— e~ l6 ° J) 
does not belong to an admissible section for rfi 1 *. In order to exhibit in more detail the nature of 
the topological degrees of freedom in B , we consider the representative 

p v (e ie ° J - e~ ie ° J) = (e i 6 o v'*K y -e- ie °v' *Ry)-kk-kH+- k , (6.31) 

obtained by taking v = z a d a . It follows that v' is the solution to 


dv' = j z 


i v v' = 0 


(6.32) 


on the interior of 77,J given by 


dz a z n 


v = 


z^z 


(6.33) 


where z± are defined by splitting z a such that [z“,z + ]* = 1. This element does not belong to 
fl(i? 4 ), as it does not fall off fast enough at infinity. Thus, the moduli of B^' can be associated to 
modes that blow up at infinity, i.e. at the commutative point of Z 4 . 
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At higher orders in perturbative expansion, the moduli of B will generate the interaction terms 
contained in the Ansatz (|5.2|) . On a more general base manifold A4g, it follows from the fact that 
K, B and B belong to sections of the structure group that they can contain topological degrees 
of freedom given by matching elements in the de Rham cohomology, whose role remains to be 
investigated further. 


The above linearization suffices to show that the perturbative degrees of freedom of the system 
are contained in the initial data for the Weyl zero-form. However, in order obtain Fronsdal field 
equations one has switch from Weyl order to normal order and perform a change of gauge in 
order to make direct contact with Vasiliev’s original perturbative expansion (in which z a A a = 0 in 
normal order), which complies with the Central On Mass Shell Theorem (COMST). It is important 
that despite the fact that the FCS model is formulated in the Weyl order, for reasons explained 
in Section 4, its physical spectrum agrees with the Vasiliev theory, and hence its perturbative 
expansion should obey the COMST as well. Although a naive transformation of the perturbatively 
defined master fields from normal to Weyl order is known to produce singularities |59| l 24 l . the FCS 
master fields belong to an extended class of symbols, including inner Klein operators, which yields 
a well-defined perturbation theory in a specific holomorphic gauge (defined by z a A a = 0 in Weyl 
order). Indeed, working with definite boundary conditions (corresponding to generalized Type D 
solutions EH), the resulting linearized fields can be mapped to Vasiliev’s basis. We plan to examine 
whether this remains the case for more general boundary conditions and to higher orders in the 
perturbative expansion. 


7 Conclusions 

We have extended Vasiliev’s higher spin gravity in four dimensions by elevating the rigid two-fornr 
in twistor space to a dynamical master field, and introducing a new one-form master field to achieve 
Cartan integrability, thereby enlarging the higher spin symmetry. We have also introduced suit¬ 
able Lagrange multipliers such that the resulting complete field content fits into a tensor product 
of the higher spin algebra and an eight dimensional Z 2 -graded Frobenius algebra with bi-linear 
form given by a trace operation. Furthermore, in order provide an action principle suitable for 
AKSZ quantization, we have introduced an auxiliary dimension by taking the master fields to live 
in a direct product of a five-dimensional open manifold, with boundary containing spacetime, and 
24 For a general discussion of ordering schemes and maps between them, see e.g. 60] . 
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a closed version of the Vasiliev’s noncommutative twistor Z-space. Assembling all fields into a 
superconnection valued in the aforementioned associative algebra, we have found a natural gen¬ 
eralization of the Chern-Simons action to higher dimensions, that remains with quadratic kinetic 
terms, which we refer to as the Frobenius-Chern-Simons (FCS) action. The variational principle 
and gauge invariance is ensured by imposing appropriate boundary conditions and working with a 
suitable class of functions on the twistor Z-space. 

An important ingredient of the FCS model is taking the master fields to consist of sums of appro¬ 
priate even and odd forms in accordance with the dimension of the base manifold and requiring 
absence of zero-form constraints on-shell. The procedure of adding higher forms that are sourced 
by closed and central terms on-shell was proposed in [25] , where it was called duality extension, 
and it has important consequences as explained already in the introduction. The results presented 
in Section [5] show explicitly the manner in which these higher forms give rise to novel modifications 
of standard Vasiliev equations. A subset of these interactions have been recently pointed out in [35] 
at the level of field equations. It is important to note that while the duality extension does not add 
any local degrees of freedom, they effect the interactions in crucial ways. It would be interesting 
to study the weak field expansions in presence the attendant higher form. 

An advantage of the FCS formulation of higher spin gravity is that it enlarges the symmetries 
present in the standard Vasiliev system without adding any new perturbative degrees of freedom. 
This implies a drastic restriction of the topological terms that can be added to the covariant 
Hamiltonian action without ruining its salient features (also in the presence of sources which may 
be of relevance to the embedding of the FCS model into string theory), to produce an on-shell action, 
as discussed in Section 6. Based on sample calculations, we expect the perturbative expansion of 
the resulting on-shell action to yield higher spin amplitudes reproducing proposed conformal field 
theory data. 

Having summarized our results, we turn to open problems and future directions. An outstanding 
problem in higher spin gravity is the computation of the free energy. At the leading order, it has 
been hindered so far by the lack of an action principle, while the one-loop computation has been 
performed [62] under the assumption that the action has an expansion about the anti-de Sitter 
vacuum in terms of Fronsdal fields. Whether the same one-loop contribution to the free energy will 
ultimately emerge from the FCS action is far from clear, and remains to be seen. 

It is often stated that covariant Hamiltonian actions of the type constructed in [25] and here are not 
acceptable because they do not contain the quadratic Fronsdal action. However, these arguments 
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need to be scrutinized. To begin with, the covariant Hamiltonian actions do give the fully nonlinear 
field equations which describe the propagating fields and their interactions at the classical level. 
Moreover, these actions can be quantized following the AKSZ methods employed already in [23J o, 
leading to bulk Feynman diagrams of a different type than those resulting from a would-be nonlinear 
completion of the Fronsdal action. So far, loop computations with external fields have not been 
computed in either approach. Even though the Fronsdal program approach may be forbiddingly 
difficult to achieve for A-point functions with N > 5, it would be interesting to compare the final 
results, at least for one-loop corrections to N=2,3,4 point functions with those computed from 
the FCS model. In this context, we note that both in Fronsdal program approach as well as the 
AKSZ approach the classical moduli spaces overlap on initial data but differ at nonlinear level 
viewed as classical solutions. However, if the uniqueness arguments for higher spin gravities can be 
strengthened, one may expect a nontrivial duality relation between the two formulations, both of 
which, in turn should be dual to the same CFT on the boundary of AdS^. 


Regarding the vacuum energy, we can make the following observations in the case of the FCS 
model. Following the AKSZ procedure [23], the BV master equation for the path integral measure 
(•) H requires the action functional Sh to be differentiable. This requires that P\dMg = 0 off-shell 
(such that Sh = •S'fcs)- Dropping the P* 3 terms and working in Weyl order, it follows from ()2.23l) 
that 

dimAd—1 

XI E 

p= 0 Tp 

where for each p, the sum over r p runs over an infinite set of component fields. For each r p , 
the contribution to the partition function Z from the resulting abelian p-forrn system [64l (65l l66l . 
[67] is given by an integral over a space of zero modes p with integrand given by the functional 
determinants of the non-zero modes. The latter combine into the topological invariant [ 67] 


/AH 


P^~ p] dXf p 

Tp [p] 


(7.1) 



Z Tp {p) = (Tor(A4))(- 1 ) P+1 , 


(7.2) 


where Tor(A4) is the Ray-Singer analytical torsion for manifolds with boundaries. Thus, mod¬ 
ulo zero-mode issues, rearranging the products in Z = f dpYi p Yl Tp Z Tp (p), shows that there are 
cancellations between even and odd forms creating a balance in the augmented models but not 
in their vr^-projected counterparts, as defined in Section 2.8. Therefore the augmented models 

25 It would also be interesting to connect the covariant Hamiltonian actions with the Kazinski-Lykhanovich- 
Sharapov approach to actions for non-Lagrangian theories [63] which also relies on the introduction of an auxiliary 
dimensions. 
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appear to be well-defined at one-loop order, and the FCS model may provide a viable framework 
for semi-classical calculations, as outlined in Section 5. 


In [32], based on properties of solitons of the Nambu-Goto action and discretization of the spatial 
coordinate of the worldsheet, it was argued that tensionless closed strings in anti-de Sitter space- 
time disintegrate into more fundamental objects made up out of totally symmetric multi-singleton 
stated. In particular, the two-singleton sector was mapped to a topological open string with 
amplitudes given by traces over Weyl algebras. Later, in [301EU traces of the same type, derived 
from the zero-form charges in (11.31) were shown to reproduce conformal field theory correlation 
functions. Moreover, the quantization of Poisson manifolds [68] naturally leads to two-dimensional 
sigma models [69 , 32] . This framework extends to differential Poisson algebras [531 E21 [531 [5H [33], 
leading to models [50] in which the de Rham differential in target space is gauged. Given the fact 
that topological open string field theory naturally leads to Frobenious algebras m and the master 
fields with gapless expansions in form degrees, we would like to propose that such a model contains 
the duality extended FCS model as a classically consistent truncation. 
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